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ON TWO-WEIGHT NORM ESTIMATES FOR MULTILINEAR 
FRACTIONAL MAXIMAL FUNCTION 

BENOIT F. SEHBA 


Abstract. We prove some Sawyer-type characterizations for multilinear fractional maximal 
function for the upper triangle case. We also provide some two-weight norm estimates for this 
operator. As one of the main tools, we use an extension of the usual Carleson Embedding that 
is an analogue of the P. L. Duren extension of the Carleson Embedding for measures. 


1. Introduction 

All over the text, M n will be the n-dimensional real Euclidean space; all the cubes considered 
are non-degenerate with sides parallel to the coordinate axes. If Q is a cube, then we denote by 
\Q\ its Lebesgue measure. When w is a weight on M n , we write oj(Q) := fQUj(x)dx. Given an 
exponent 1 < p < oo, we denote by p' its conjugate; that is pp' = p + p'. 

An important question in modern harmonic analysis is given an operator T determine the 
pairs of weights (oj, a) such that 

(1) \\Tf\\ LPH <C(u;,a)\\f\\L PirT) 
or more generally, 

(2) \\Tf\\ Lq{u) <C(u,a)\\f\\ LP{<7) . 


When T is the Hardy-Littlewood maximal function M. a complete answer was provided in the 
case oj = a by B. Muckenhoupt [24] who proved that (jT]) holds for M if and only if a satisfies 
the so-called A p condition. That is 

<3) iaiA ’- =a i p {wj a a ){w\L a '~ r y <c °■ 

Note however that this question in its general form is difficult. 

Recall that the fractional maximal function is defined by 


(4) 


M a f (x) := sup 
Q 


xq{x) 

\Q\i- a /n 



provided 0 < a < n. When a = 0, this is just the Hardy-Littlewood maximal function. B. 
Muckenhoupt and R. Wheeden [22] proved that for 1 < p < g, and 4 = 4 — ^, M a is bounded 
from L p (cr p ) to L q (cr q ) if and only if 


[4] A Pi9 


sup 

Q 




< 00 . 


In [29], E. Sawyer provided a general criterium for the maximal function to be bounded from 
L p (a) to L q (uj) which can be rephrased as follows (see [22] for the norm estimate). 


THEOREM 1.1. Let G and oj be two weights on M n , and 1 < p < q < 00 . Then the following 
are equivalent 


2000 Mathematics Subject Classification. Primary: 42B25 , Secondary: 42B20, 42B35 . 
Key words and phrases. Carleson embeddings, Fractional maximal function, A p weight. 

1 




2 


BENOIT F. SEHBA 


(i) There exists a constant C\ > 0 such that 

f (M a (a f)(x)) q ui(x)dx < CxWfWl^. 
it" 

(ii) There exists a constant C 2 > 0 such that for any cube Q, 

(M a {axo){x)) q u(x)dx < C- 2 (cr{Q)) q/p . 


Moreover, if 

then 

(5) 


'Q 


[°Ms P , q , a ■= sup 
Q 


7 q (M a (a X Q){x)) q u(x)dx' 

, MQ)) ,/P . 

1 /? 


1/9 


/g\ V9 

\\M\\ L p(a)^Ls( u ) ^ C(a,n) (- J j/[ff,w]s Mlll 


We are interested in the multilinear analogues of the maximal operators above. For m a given 
positive integer, the multilinear fractional maximal function is defined by 

Maf(x) := sup|Q| a/w JJ [ \fi{y)\dy 

Q ^1 \Q\ Jq 

provided 0 < a < mn. Here / = (/1 , • - - , fm) where the /,;S are measurable functions. When 
a = 0, Ado = Ad is the multilinear Hardy-Littlewood maximal function. Note that these 
operators are related to multilinear Calderon-Zygmund theory and the study of multilinear 

fractional integral operators mmmmmmm- 

One of the first interest in this setting in relation with the linear case results commented 
above was the extension of Muckenhoupt result for M and the Muckenhoupt-Wheeden result 
for M a . In P2J, the authors provided the right characterization of weights for Ad to be bounded. 
More precisely, given l<pi<---<p m <oo, ^ H- and for a = (or, ■ • • , <j m ) 

where the a,s are weights, define the weight ujg by ujg = n™i o v J v \ They proved that Ad is 
bounded from L pi (ai) x • • • x L Prn (a m ) to L p {u>s) if and only if 



Building over these new lights, K. Moen considered the same question for Ad Q in |23| . He proved 
that M a is bounded from L pi (cr Pl ) x • • • x L Prn {a^f) to L q (u)l) with | = d ^ if and only if 



The other question that comes in mind is the extension of Sawyer result to this setting. In 
[ 2 ] and HQ, the authors dealt with this question for a = 0 but under the assumption that the 
weights satisfy a kind of reverse Holder inequality and monotone property respectively. K. Li and 
W. Sun |2UJ managed to extend the Sawyer characterization for the boundedness of Ad a from 
L pi (i ti) x • • • x L Prn (a m ) to L q fjj) for maxjpi, • • • ,p m } < q < 00 . They proved the following. 


THEOREM 1.2. Given a nonnegative integer m, and 1 < pi,-- - ,p m < 00 ; suppose that 0 < 
a < mn, d = d. -|_ ... 4 - _L anc [ maxjpi, • • • ,p m } < q < 00 . Let aq, ■ • • ,uj m and v be weights 

1—p' 

and put (Ti = u i % i = 1, • • • , m. Define 


:= sup 

' q Q 


( \ 1/9 

(Jq (.MciaiXQ, ■ ■ ■ , UmXQ)tx}) q v{x)<h 

nr.i^c3) i/w 
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Then A4 a is bounded from L Pl {uoi) x ■ ■ ■ x L Pm (ui m ) to L q {y) if and only if \uo,v\sp is finite. 
Moreover, 

LPi(ui))^Li(v) — [^> y ] Sp, q ‘ 

The condition [Co, ujs- < oo is necessary in general but the assumption q > max {pi, • • • ,p m } 
makes the result above restrictive. One might be interested in knowing if it is possible to remove 
this assumption and may be replace it by q > p, with | + • • • + ^. Before going ahead on 

this question, let us first observe the following general sufficient condition. 


PROPOSITION 1.3. Given a nonnegative integer m, 1 < p\,--- ,p m < oo. Suppose that 
0 < a < mn, | + • • • + and p < q < oo. Let oo\, ■ ■ ■ ,iw m and v be weights and put 

i_ , m _E_ 

a i =ui i Pi , i = 1, ■ ■ ■ , m and = {]■=] t/' 1 . Define 


K,v\s Pq := sup 


Q 


( \ 1/9 

[Iq (Ad a ((TiXQ, • • • ,VmXQ)(x)) q v(x)dx 

fe«?)) 1/p 


Then A4 a is bounded from L Pl (oof) x • • • x L Pm (ui rn ) to L q {v) if [n^,v\sp is finite. Moreover, 


II Ma hn?=i LPi (“i))^ Lq (v) ~ 


It comes that if the weight Wj, i = 1,2,--- , m are such that for any cube Q , 


m 


p/pi 


(6) IJ<Tj((3) p/pi = \^J^(Ti(x)dxJ < j^ (x)dx = v a (Q), 

then the equivalence \vQ,v\sp — [w, v],s- holds and consequently, Theorem 11.21 holds without 
the restriction q > max{pi, • • • ,p m } but with this time p < q. That is the following holds. 


THEOREM 1.4. Given a nonnegative integer m, 1 < pi, • • • ,p m < oo. Suppose that 0 < a < 
mn, ^ + • • • + -p- and p < q < oo. Let uq, ■ ■ ■ , oo m and v be weights and put a = oo i Pl , 

i = 1, • • • , m. Suppose that the weights Oi, i = 1, • • • , m are such that ©) holds and define 

[Iq (M a (criXQ, ■■■ , cr m XQ){x)) q v(x)dxj 

Then M. a is bounded from L Pl (uoi) x • • ■ x L Pm (cj m ) to L q (y) if and only if [vc 3 ,v]sp is finite. 
Moreover, 


Wti,v\s P = sup 
Q 


\\ Ma \\(YYIL 1 L Vi <,u i ))^L q {v) ~ \ v zMs Piq - 


Condition © was used and named reverse Holder inequality RHp in mm- in 0 , the authors 
obtained Theorem ll.ll for a. = 0 and p = q, but it is hard to provide examples of family of weights 
for which © holds. Nevertheless one can check that for or = 02 = • • • = o m = cr, we have the 
inequality © and in this case, the following result. 


COROLLARY 1.5. Given a nonnegative integer m, 1 < p 1 , • • • ,p m < 00 . Suppose that 0 < a < 
mn, | = - \- j- and p < q < 00 . Let a and co be weights. Define 


( \ i/<? 

[Iq (M 0 (ctxq,--- ,axQ)(x)) g uj(x)dx 


k ’“ ls '.. = T v(Q) 1/p 

Then A4 a is bounded from L Pl (a~ Pl / p i) x ■ ■ • x L Pm [a~ Prn ^ v ' m ) to L q {uo) if and only if [a, wjs 
is finite. Moreover, 


P,q 


\\M C 


l(r lZl LPi (.<r- Pi/P ' i ))^ Lq (.“) ~ ^ ,V ^ S PM 
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Recall that the Aoo class of Hruscev m) consists of weights ui satisfying 


(7) 


Ma» : = su p , i n , , ■ 

Q Vlvl JQ 


uj exp 


1 

W\ 


logo; 


-i 


>Q 


< oo. 


If is easy to check that for or, ■ ■ • , a m £ Moo, and for any cube Q , 


IR<(« P/P ‘< IR 


7.1*4. a 


i=l 


\i= 1 


IM 


(x)dx 


(see [30])• It follows that we also have the following result. 


COROLLARY 1.6. Given a nonnegative integer m, 1 < pi, ■ ■ ■ ,p m < oo. Suppose that 0 < a < 
mn, ^ = r - + ■ ■ • + w- and, p < q < oo. Let urn ■ ■ ■ ,u m and v be weights and put ai = a;■ 

P Pi Pm 4 

* = !,■•■ , m. Suppose that the weights at, i = 1, • • • ,m are in the class .Aoo and define 


[U,v\Sp= sup 
,q Q 


(. Jq (M a (aiXQ, • • • , cr m XQ)(x)) q v{x)dx\ 

f 


\ 1/9 


T/ien M. a is bounded from L Pl (u i) x ■ ■ • x L Pm (u; m ) to L g (v) if and only if is finite. 

Moreover, 


\\ Ma hllZi LPi (.“i))->- Lq (v) ~ &’ v ] s P, q ' 


To prove Proposition 11.31 one first need to observe that the matter can be reduced to the 
associated dyadic maximal function. We then use an approach that can be traced back to [29] 
and has been simplified in [3], it consists in discritizing the integral f Rd (Ald, a (f)) g w where 
Aid,a stands for the multilinear dyadic fractional maximal function, using appropriate level sets 
and their decomposition into disjoint dyadic cubes. In the linear case (i.e. when m = 1), one 
then uses an interpolation approach to get the embedding (see EM). This method still works 
in the multilinear case under further restrictions on the exponents that allow one to reduce the 
matter to a linear case and this is what happens exactly in the proof of Theorem 11.21 in [20] . It 
is not clear how this can be done in general in the multilinear setting for the upper triangle case 
(p < q). To overcome this difficulty, we just extend the techniques used for the diagonal case 
(p = q ) which reduce the matter to a Carleson embedding (see [2] ). More precisely, we use the 
following extension of the usual Carleson embedding and its multilinear analogue. 


THEOREM 1.7. Let a be a weight on M n and a > 1. Assume {Aglggx) is a sequence of positive 
numbers indexed over the set of dyadic cubes T> in R n . Then the following are equivalent. 

(i) There exists some constant A > 0 such that for any cube R € V, 

E < A (°(R)) a - 

QCR,QeT> 

(ii) There exists a constant B > 0 such that for all p € [1, oo), 

E x Q\m*(f,Q)r < B \\f\\p% 

Q(z.T) 

The above theorem for a = 1 is the usual Carleson Embedding Theorem (see mm)- The 
case a > 1 seems to be new and can be viewed as an analogue of P. L. Duren extension of 
Carleson embedding theorem for measures [TJ.The proof of Theorem 11.21 is also simplified when 
combining the main idea of m and the extension of the Carleson embedding. For the proof of 
Prosition [131 we will use a multilinear analogue of the above embedding. 

Our other interest in this paper is to provide sufficient conditions for AA a to be bounded from 
L Pl (a\) x • • • x L Prn (a m ) to L g (Lu). Usually, one expects conditions that have a form close to the 
A p characteristic of Muckenhoupt. This question is quite interesting in this research area as it 
is related to the same type of questions for singular operators and some questions arising from 
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PDEs (see |5 \ Q21 [23], 23(26] and the references therein). Before going ahead on this question, 
we need more definitions and notations. 

Given two weights oj and a, we say they satisfy the joint A p condition for 1 < p < oo if 


( 8 ) 


[w, (j]a p ■■= sup 
Q 


ujQMQy- 1 

\Q\p 


< oo. 


Note that when a = u 1 '( p B, this is just the definition of the A p class of Muckenhoupt. A new 
class of weights was recently introduced by T. Hytonen and C. Perez m and consists of pair 
of weights satisfying the condition 


(9) 


[uj,(j\ Bp ■■= sup 
Q 


u(QMQ) p 

\Q\ P+1 


exp 




log g 1 


< oo. 


We recall the definition of the A 00 class of Fujii-Wilson (|8l [TO, 31, 32j [33]). We say a weight a 
belongs to A 00 if 

(10 ) MAoo := sup 77y\ [ M ( a XQ ) < o°- 

q a {Q) Jq 


S. Buckley [T] obtained the following estimate for the maximal operator M: 

( 11 ) 

This was recently improved by T. Hytonen and C. Perez [T3j as follows. 


THEOREM 1.8. Let 1 < p < oo, and g, u two weights. Then 

(12) \\M{fo)\\ P)U < C(a, n)p' {[g,uj]b p ) 1/p \\f\\ p , ff 

and 


(13) 


\\M(fa)\\ P:UJ < C(a, n)p' ([ir,u]^[ff]^) 


i/p 




Estimate (1131) in the case p = 2 is actually attributed to A. K. Lerner and S. Ambrosi [ 17] , 
To find the corresponding estimates in the LP — L q case, we need to introduce adapted classes 
of weights that generalize the above ones. For 1 < pi, ■ ■ ■ ,p m ,Q < oo, P = (pi, • — ,Pm), we say 
the weights a = (oi, • • • , a m ) and u satisfy the joint conditions Ap q and Bp ^ if 


(14) 

and 


F.wj a Po ■= sup 
,q Q 


Q) p/q U'r=i °i(Q) p/K 

\Q\p(m-a/n) 


< OO 


^ c- i co(Q)p/ q YiZi^(Qr fV 

( 15 ) WMb p>9 ■= sup |Q|p(m _ a/n)+1 11 

One easily checks the following inequalities 


exp 


1 

W\ 


logo- 


-i 


IQ 


p/pi 


< oo. 


fi’UUp'" < [o*,W }B Pq < [G,w} Ap ^\\[Gi} P X 


P/Pi 


i— 1 


Let us also introduce the multilinear Aoo class of Chen-Damian [2], That is the class of weights 
a = (ui, • • • , G m ) such that 


[crjiyoo := sup 


Sq nil M(aiXQ)(xflr<dx 


o /onr.i 4 /B (i)* 


< oo, 


>Q 


where - = — + ■■ 

p pi 


• + —. Our corresponding result is the following. 

Pm 
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THEOREM 1.9. Let 1 < pi,--- iPm-,0. < oo, and a = (or,-- - ,a m ), ui be weights. Put A = 


k + " 

■ ■ + — and assume 

Pm 

that p < q. Then 



(16) 

\\M a ((Tlfl, 

■■■ ,(Tmfm)\\q,w <C(n,p,q) (\a,u] Bp ^ 

1 / 171 

11 

i= 1 


(17) 

WMai^fi,-■ ■ , 

Vmfm)\\ q ,u < c(n,p,q) ([(T,uj]A Pq ^ ,V | 

/ m 

ni- 

\i= 1 

\ m 

) II 1 \fi\\pi,°; 

/ i= 1 

and 





(18) 


< C(n,p,q ) (V, u] Ap q [&]w^ ^ 

m 

JJ H/illpiWi- 


i —1 


We observe that when a = 0 and p = q, that is for the multilinear Hardy-Littlewood maximal 
function, inequalities (1161) and (|18D were proved in [2], while ED was obtained in (Bj. Sharp 
norm estimates of the fractional maximal function are considered in [19| , these estimates are 
similar to (|17D with a modification of the power on [cq]^. An extension of the Buckley estimate 
dill) to the multilinear maximal function is given in [6]. 

To prove Theorem 11.91 one first needs to observe as above that one only needs to consider 
the case of the dyadic maximal function. Next to estimate the norm of the dyadic maximal 
function, we proceed essentially as for Proposition 11,31 For some other sufficient conditions of 
this type, we refer the reader to the following and the references therein [21EEE1 EES [221123] • 

The paper is organized as follows, in the next section, we introduce an extension of the usual 
notion of Carleson sequences, and provide equivalent characterizations. In section 3, we prove 
Proposition 11.31 and simplify the proof of Theorem 1 1.21 Theorem [L9] is proved in the last section. 
Some steps in our proofs are known by the specialists but we write them down so that the reader 
can easily follow us. 

All over the text, C will denote a constant not necessarily the same at each occurrence. We 
write C(a, n, ■ ■ ■ ) to emphasize on the fact that our constant depends on the parameters a,n,- ■ ■. 
As usual, given two positive quantities A and B, the notation A < B (resp. B < A) will mean 
that there is an universal constant C > 0 such that A < CB (resp. B < CA). When A < B 
and B < A, we write A ±2 B and say A and B are equivalent. 

2. [ a , < j )-Carleson sequences 

We introduce a more general notion of Carleson sequences, provide equivalent definitions and 
applications. 

2.1. Definitions and results. We have the following general definition of Carleson sequences. 

DEFINITION 2.1. Given a weight a and a number a > 1, a sequence of positive numbers 
{\q}q^v indexed over the set of dyadic cubes V in M n is called a (a, a)-Carleson sequence if 
there exists a constant A > 0 such that for any cube R € V, 

( 19 ) E ^ A (°m a - 

QCR 

We call Carleson constant of the sequence {A q}q£T>, the smallest constant in the above 
definition and denote it by Acari when there is no ambiguity. When a = 1 and a > 1, we speak 
of a-Carleson sequences. In particular when a = 1, we just call them Carleson sequences as 
usual. 

Let us introduce some notations. For / G L p (w), 

II/II&* == / |/(*)IMz)cfc 

J M" 
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and 


m w (f,Q) := 


1 


u(Q) 


'Q 


f(x)ui(x)dx 


where ui(Q) = JqOJ. When oj = 1, we write mg/ = m(f,Q) = m w {f,Q). 

We have the following characterization of (a, <r)-Carleson sequences. 

THEOREM 2.2. Let a be a weight on R n and a > 1. Assume {A g}ggx> is a sequence of positive 
numbers indexed over the set of dyadic cubes T> in M n . Then the following are equivalent. 

(i) {\q}q£V is a (a, a)-Carleson sequence, that is for some constant A > 0 and for any 
cube R £ V, 

(20) Y Aq < A(a(R)) a . 

QCR,QeV 

(ii) There exists a constant B > 0 such that for all p £ [1, oo), 

(21) E A «K(/.<3)r<Bii/ic- 

QeV 

Proof. Let us recall that the dyadic Hardy-Littlewood maximal function with respect to the 
measure a is defined by 


M df ■= sup 

Q£V °{Q) 


[ I/I*. 

JQ 


When er is the Lebesgue measure, we write Mf = M ( ], We recall the estimate 

( 22 ) mfW^^p'WfWr,*- 

We will also need the following inequality. 

(23) X p a ({s : MSf(x) > A}) < ||MJ/||^. 

For the implication (ii) =4> (i), we test (ii) with the function / = xr with R £ T> to obtain 

Y a q < Y x q ( m °(f,Q)) pa 

qcr,qgv Qev 

< B\\ X r\\ p % = B (a(R)) a ■ 

That is for any R £ V 

Y \ Q <B(a(R)) a 

QCR,QgV 

which is (i). 

To prove that (i) =>■ (ii), it is enough by (1221) to prove the following. 

LEMMA 2.3. Let {Ag}g e x> and a > 1. Suppose that there exists a constant A > 0 such that 
for any R £ V, 

Y Ag < A(a(R)) a . 

QCR,QeV 

Then for all p £ [1, oo), 

(24) ^ AqK(/,Q)P < Aa\\Mff\\ p %. 

QgT> 

Proof. We can suppose that / > 0. As in the case of a = 1 in [Hj, we read Ag (uv(/, Q)) pa 

as an integral over the measure space (V, p) built over the set of dyadic cubes V, with p the 
measure assigning to each cube Q £ V the measure Ag. Thus 


Y A<2 ("Lt(/,Q)) 

Qev 


pa 


poo 

/ pat pa ~ l p {{Q £ V : m a (f, Q ) > t}) dt 

Jo 

POO 

/ pat pa ~ l p{V t )dt, 

Jo 
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V t .= {Q £ V : m a (f,Q) > t}. Let T>f be the set of maximal dyadic cubes R with respect to 
the inclusion so that m. a (f,R) > t. Then V* is the union of these disjoint maximal cubes and 
we have V* = {x £ M n : M d f(x) > t}. It follows from the hypothesis on the sequence {Ag}Q e x> 
that 

m(A) = A( 3 - X] 

Q&Vt ReV* QCR 

< A ]T (*(R)) a <A £ "(ty) 

Rev* \Rev* ) 

< A(a({MSf>t})) a . 

Hence using (ITU) , we obtain 

J2^Q\mM,Q)\ pa 

poo 

< A I pat poi ~ l (a({M d f > t})) a dt 

Jo 

poo 

= A pat p - 1 a({M(ff > t}) (t p a({M%f > f}))" _1 dt 

JO 

poo 

< Aa\\M° d f\\ p ^ J pt p - l a{{M° d f > t})dt 

< Aa\\MSf\\ p %. 

□ 

The proof is complete. □ 


The above theorem is clearly a generalization as taking a = 1 we get the well known Carleson 
embedding result (see mm)- 

REMARK 2.4. As a first application, we obtain a necessary and sufficient condition for the 
main paraproduct to be bounded from L P (M) to L 2 (M) for 1 < p < 2. Let us still denote by V the 
set of dyadic intervals in M. Recall that given a dyadic interval I, the Haar function supported 
by I is defined by hj(s) = |T| — 2 (x'j+ ( s ) ~ Xi-( s ))> where I~ and I + are the left and the right 
halfs of I respectively. For € L 2 (M) with finite Haar expansion, the (main) paraproduct with 
symbol is the operator defined on L 2 (M) by 

H<f>b(s) := L/)(mjb)/tj(s) 

lev 

where mjb = |jy Jjb(x)dx. R is well known that the operator is bounded on L P (M) if and 
only the sequence hj)\ 2 }i & x> is a Carleson sequence. The following partial extension is a 
direct consequence of Theorem \2 .£1 

COROLLARY 2.5. Let (j) € L 2 (M) and 1 < p < 2. Then n 0 extends to a bounded operator from 
L P (M.) to L 2 (M) if and only if 


(25) 


A 


sup 

J&V 


1 

\J\ 2 /p 


k</>,mi 2 < 00 . 

/cj,/ex> 


Moreover, ||n 0 || LP(R) ^. L 2 (]R) - A 


The higher dimensional version of the above corollary requires an adapted multivariable ver¬ 
sion of Theorem \2.°A This will be presented elsewhere. 


An alternative characterization of (a, cr)-Carleson sequences is the following. 
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THEOREM 2.6. Let N > 1 be an integer, 1 < Pj < oo, j = 1, • • • ,N. Assume that a is a 
weight on M n , and that there are 0 < q\, ■ ■ ■ , c/at < oo such that a = Y^j=i j: > 1. Then given a 
sequence {A q}qcv of positive numbers, the following are equivalent. 

(i) {A q}q£V is a (a, a)-Carleson sequence, that is for some constant A > 0 and for any 
cube R S V, 

£ A 0 < A(a(R))°- 

QCR,QeV 

(ii) There exists a constant B > 0 such that 

N N 

(26) E n Mj,Q)\ 9i < bU WfjWl),*. 

Qev j =l j=i 

Proof. To prove that (ii) =>■ (i), take for R € V given, fj = xr for j = 1, • • • , N and proceed as 
in the proof of Theorem 12.21 To prove that (i) =>■ (ii), it is enough to prove the following lemma 
which might be useful in some other circumstances. 


LEMMA 2.7. Let N > 1 be an integer, 1 < pj < oo, j = 1, • • • , N. Assume that a is a weight 
on M ri , and that 0 < q±, ■ ■ ■ , qjy < oo so that a = f 1 > 1- Then if {Xq}q£V is a sequence 

of positive numbers such that there exists a constant A > 0 so that for any cube R £ V, 

E ^ M°m a , 

QCR,Q£T> 


then 

(27) 


N N 

E A Q II Mi,Q)\ 9j < AaUWMlfj 

QdV j=1 j =1 


II 1j 

\\Pj,v 


Proof. An application of Holder’s inequality and Lemma 12.31 provide 


N 


E a qII \ m ^fj^Q)\ qi 

Q&V 3=1 


< n (E A Qi^(/r«r 

j =i \QeX> 

N 

< m«\rnf3\\^ 

3 = 1 

N 

< AaHWMZfjW^. 

3 =1 


V 

apj 


□ 


The proof is complete. 


□ 


2.2. Another extension. We end this section with the following extension of the multilinear 
Carleson embedding of [2] . 

LEMMA 2.8. Let N > 1 be an integer, 1 < pi, a < oo, i = 1 ,■■■ ,N. Assume that a^, 
i = 1, • • • are weights on l re , and put vg = Ff™ . a^ Pl and 7 = — + ••• + J-. Then if 
{A q}q&v is a sequence of positive numbers such that there exists a constant A > 0 so that for 
any cube R G V, 

E a q ^ 

QCR,QeT> 
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then 

( 28 ) 


Y A( 3 

Qev 


N 


n m ai (fi,Q) 


i= 1 


pa 


< M\MiU)\\l% 


N 


< 


A«n\\M^ 


|| pa 
Pi^i 


i=l 

N 

5 A*nn/*K... 

2 — 1 


where 


f = Jm)- 


M d(f )= sup n 


XQ 


Jq 


\fi\<Ji(x)dx, 


Proof. We read Egec A Q (nil m <T, : (/*; 


pa 


as an integral over the measure space (T>, p) 
built over the set of dyadic cubes V, with p the measure assigning to each cube Q € V the 
measure A q. Thus 

pa 


N 


y x q mw^)i 

Qev \i =l / 


r oo / 

pat pa ~ l p ( {Q € V |m ffi (/i,Q)| > t} 

roo 

/ pat pa ~ l n(D t )dt, 

Jo 


dt 


D t := {Q e T> : \ m <n{fii Q)\ > i}- Let be the set of maximal dyadic cubes R with 

respect to the inclusion with n!=i ^(Q) Jq \fi\ a i( x )^ x > t- Then T>* is the union of these disjoint 

maximal cubes and we have T>* = {x € R n : Mf(f)(x) > t}. It follows from the hypothesis on 
the sequence {Aq}q£x> that 

MA) = Y X Q - Y Y X Q 

Q£V t R&V* QQR 


R&V* 

< A(l>a 


< ay mr)T E v *( r ) 

\r&v* 

Hence using (1231) applied to Mf (/), we obtain 

/ at \ pa 

*J pat pQ ~ l > t})) dt 

- Vat p ~ l cr({Mf (/) > t}) ( t p a({Mf (/) > i})) dt 

roo 

< Ac\\Mi(f)\\f“W pt<- l <,({M°(f)>t})dt 

Jo 

< Aa\\M°(f)\\ p %. 

The second inequality in (|28p follows from the Holder inequality while the third follows from 
The proof is complete. □ 


Y X Q (UMiM 

Qev \i =l / 


< A 


= A 
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3. Sawyer-type two-weight characterization 


Let us consider the following family of dyadic grids in M n . 

V? := {2~ k ([0,1 ) n +m+ (-l) fc /?) : k G Z, m G Z m }; 0 G {0, ^}”. 

For (3 = 0 = (0,0, • • • .0), we write T>° = V. The dyadic multilinear fractional maximal function 
with respect to the grid V> 3 is defined by 

M d a f( x ) : = su p n I \My)\ d v- 

ran J Qfj 

When a = 0, this is just the dyadic multilinear Hardy-Littlewood maximal function denoted 
here Ai When /3 = 0 , we write Aid,a and Aid for Aif la and Ai% respectively. 

We observe that any cube is contained in a dyadic cube Qp € V* 3 for some (3 € {0, |} n with 
l(Qp) < 6 l(Q) (see for example (28] for the case n = 1). Thus 



and consequently, 

( 29 ) At a f<6 nm ~ a J2 M d,J' 

We will use the following notations: for a = (or,--- ,o m ) and / = (/i,--- , f m ) given, we 
write of := {p\f\ , • • • ,o m f m ) and for a real number o , of = (<r/i,--- ,of m ). We also use 
the notation \Q = ( XQ , ■ ■ ■ ,Xq) (m-entries vector) so that oxq = (&XQ ,' ■ ■ , ^Xq) and o\Q = 
(&1XQ,''' ,°mXo)- 

3.1. Proof of Proposition 11.31 From the above observations, we see that for the proof of 
Proposition 11.31 it is enough to prove the following. 


PROPOSITION 3.1. Given or, • • • , o m and, u, m + 1 weights on M n , and 1 < pi, - ■ ■ ,p m < oo, 
^ p = pi pT ’ ^ — y < 00 > and de fi ne v 3 = n;=i a i^ P% ■ Then if there exists a constant 

C i > 0 such that for any cube Q E X>, 


IQ 


{Ai d , a {ox Q )(x)) q u(x)dx < Ci ( vs(Q)) q/p , 
then there exists a constant C 2 > 0 such that 

/ m 

K M d , a (of)(x)Yu{x)dx < C 2 ( 


m \ 1 

Pi,&i I 1 


G=1 


Moreover, if 


[u 3 ,u\s P q := sup 


f Q (A4 dja (ox Q )(x)) q u(x)dx' 


1/9 


QeT> 


MQ)) ,/r 


then 


( 30 ) \\-^ d ’ a ( d '')\\(n”L 1 L Pi (<Ti))^L q n ~ \ u 3^]Sp q - 

Proof. Let a > 2 nm ~ a . To each integer k, we associate the following set 

■= {x £R n : a k < Ai dtCe (of)(x) < a fc+1 }. 

There exists a family {QfcjjjeNo °f dyadic cubes maximal with respect to the inclusion and such 
that 


n 
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SO that 

£ UjgpjoQfcj- 

Note that because of their maximality, we have for each fixed k, Q k ,j H Qk,i = 0 for j ^ l. Also, 


2 nm-a a k > 


m 

n T 7 i—/ |/i(*)|o-(®)d® > a k 

tJi \Qk,j\ nm JQ kl j 


Let us put E(Qk,j) := Q k ,j fl Q k - Then Q k = Lb*L 1 £'/ c j and the E(Q ki j) are disjoint for all j and 
k, i.e E(Qkj) fl E{Qi^ m ) = 0 for ( k,j ) 7 ^ (l,m). It follows that 


Md,a(vf){x)) u(x)dx = 


Y [ (Mf,a(o 7 )(s 

Jo*, v 


x)) u(x)dx 


< a q 


E a *M«fc) 


< a q Y akq “(E(Q kJ )) 


k,j 


< a q 


= a q 


Y (il \r> L-— l I Mx)\ai(x)dx\ u(E(Q kJ )) 
kj \i= 1 \Qkd\ nm -'Q> -j J 

Y“(E(Qkj)> (fl (f[™<Ti(fi,Qk,j)) 


k,j 


Ki=l \Qk,j 


\i=l 


= a q 


emiw/^) > 


Q£T> \i =1 


where 


Aq : = < 

We observe that for any R £ T>, 


“(£«)> (nr.! ^ 


if 


Q = Qk,j for some 

0 otherwise. 


£ *W2))(l 


qcr,q&v 


\QV 


E U ( E (Q)) (fl lol U [ n aiXR 

ROPD \i=1 m nrn j q j 


QCR,QGV 


y [ ( TT_ L_ f , 

Qc£^ev' E (Q) \Ll \Q\^™ JQ 


<?iXR (x)dx 


< 


/ {M d ,a{vXR)) q (x)dx 
Jr 


< h?,w]L M-R)) 


?/p 


e,9 


That is {Aq}q S £> is a (^, z/^j-Carleson sequence. Thus from Lemma [2T8l we obtain 

« m 

/ (><d,a(£/)(®)Y w (a:)da: < [v 9 ,u]% RWWtomU 

Jwn \ J P.q 


i =1 
m 


< 




fi\\pi,<Ti- 


2=1 


The proof is complete. 


□ 
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3.2. Proof of Theorem II.2L We observe again that we only need to prove the following. 


PROPOSITION 3.2. Given <7i, • • • , a m and u, m + 1 weights on M n , and 1 < pi, - ■ ■ ,p m < oo, 
let (J = (or, • • • ,a m ), | + • • • + and q > max{pi, • • • ,p m }. Then the following are 

equivalent. 

(i) There exists a constant C\ > 0 such that for any cube Q G V, 


'Q 


(Md,a(vXQ)(x)) q u(x)dx < Cl (( Ti{Q)) q/Pi ■ 


2=1 


(ii) There exists a constant C 2 > 0 such that 

J (Md,a(vf)(x)y Uj(x)dx < C 2 | 


Pi,Vi 


G=1 


Moreover, if 


then 

(31) 


[a,u\ Sp := sup 
’ q Q 


f Q (M Q (axQ)(x)) q cv(x)dx' 


1/9 


ns.! wm ,/n 


ll^<o('5'')ll(n” 1 Ln(n))-m(u) 




P,q 


As in [20] we restrict ourself to the bilinear case as the general case follows the same. We will 
focus on the proof of the sufficiency that is the implication (i) => (ii) as the converse is obvious. 
We start by the following lemma proved in [20] and provide a simplified proof. 

LEMMA 3.3. Suppose that 0 < a < 2 n, that 1 < p\ ,p 2 < oo. Put ^ and let q > p 2 , 

<ji,(t 2 ,uj be three weights. Then if f is a function with supp/ C R £ V, then 

(32) 


\\XRM d)OL {xRVlJ° 2 )\\q,u: < 


( R) 1/: 


pi 


P2,&2 ' 


Proof. We proceed as in the proof of Proposition 13.11 Let a > 2 nm “. To each integer k, 
associate the set 

flfc := {x £ M n : a k < M d , a {XR^i, /o- 2 )(x) < a fc+1 }. 

There exists a family {Qfc,j}jeN 0 °f dyadic cubes maximal with respect to the inclusion and such 
that 


1 


| 2 —— 


I Qk,j\~ n JQh,_ 


XR(x)ai(x)dx / \f(x)\a 2 (x)d. 

d Qk,j 


x > a 


so that 

Following the same steps as in the proof of Proposition 13.11 and using the same notations, we 
obtain that 

r fjn XrPi Sq . |/|CT 2 \ q 

{M dtOC (xRai,fcr 2 )(x)) q uj(x)dx < a q ^ I -- ) a i(E(Q kJ )) 

Qk,jQR V 


iR 


I Qk,i 


= nl 


V- //«*■ * R(Tl fQk ■ 1/1^2 \ 9 

a - £ 1^. 12 H -) u(E(Qkj)) 


+ a { 


QkjcR \ 

f R XR<nf R \f\*2 x q 


\R\ 2 ~" 

a q {T x + T 2 ) 


u(E{R)) 


V- / fo k . XRVl I Qk . | f\<T2\ q 
Ti= £ ( Qk ’ 3 2% -J wTOfcj)), 


QkjCR 


where 


9 
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and 

We easily obtain that 
T 2 


T 2 = 


$ R XR<n$ R \fWi 


\R\ 2 -" 

JhXrviJrUWi' q 


u(E(R)). 


u(E(R)) 


< 


02 


\R\ 2 ~" 

Ly J \f\v 2 J J {M d , a {XR G liXR a 2)) q U(x)(lx 


< PMi. <'iW ,M ll/E 


P,q 


P2,0-2 • 


We observe that 


r. = E 

Q k .jCR 


Jq k , XRO\ f Qt , \f\02 


Qk,j 


I Qk,. 


| 2 —- 


u{E(Q k ,j)) 


where 


Qk,j(—R 

Y X Q m ^{\fVQ) q 

Q^D 


Iq XR° 1 Iq XR°2 


Iq, < XR(Jl fa, < xro 2 


I Qk,, 


Qk, 


u{E(Q k ,j)) 


I Q \ 2 


u(E(Q)) 


if 


Aq := < 

Let us prove that {A q}q£V is (^, cr 2 )-Carlseon sequence. Let K £ V, K C R. Then 


Q = Qk,j C R for some ( k,j ), 

0 otherwise. 


Y X Q 

Q£V,QCK 


< 


E 

Q£V,QCK 

E 

QeV,QCK- 


' Jq XROl f Q XRO2 ' 

, IQ| 2 “" / 

f (loXltOi J 0 XRO 2 V 


E{Q) 


\Q\ 


>Q 

2 -a 


u(E(Q)) 

uj(x)dx 


< / {Md,a(XROl,XRE2)(x)) q oo(x)dx 


< a 1 (T) q / pi a 2 (T) g / p2 [o', w] o 


J°,g 








That is {AqIq^x* is (^, 02 )-Carlseon sequence with constant Acarl cri(i?) 9//pi [<r, . Thus 

by Theorem 12.21 

Ir ,q 

From the estimates of Ti and T 2 , we conclude that 

[ {Md,a{XROi,fo 2 ){x)) q u{x)dx<a 1 (R) qlpi [a,u2} q s \\f\\ q ^ 0 

Jr p ’i 

The proof is complete. 


□ 


The next result is enough to conclude for the sufficient part in Proposition 13.21 for the bilinear 
case and was also proved in [20], we give a simplified proof that uses the general Carleson 
embedding. 
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PROPOSITION 3.4. Suppose that 0 < a < 2 n, that 1 < p\,p 2 < oo. Put | = T- + A. and let 


q > P 2 , and a\,a 2 ,u be three weights. Then 
(33) ||A4d, a (/ 1 0- 1 ,/20- 2 )||g,u, < [v,u]s p Jf\\ P 1 ,<n\\f\\ P 2,*2- 

Proof. From the decomposition in Proposition 13. II we have that 

f f J Q \fi\<TiJ Q \h\v 2 \ q 

/ (MdAhvu f2<T2)(x)) q u(x)dx < ^ -——— -^4 - uj(E(Q k j)) 


k,j 


I Qk,j 




^ (cri(Qk,j) Jn . \f 2 W 2 V 

^2,m ai (\f 1 \,Q k j) q - Q 2 \ - u(E(Q kJ )) 

V \Qk,j\ " ) 


k,j 


Y x Q rn 'Ti(\hlQ) q 

Q&V 


where 


X Q : = 


g i (Q)f Q \f2W2 


u}(E(Q)) if Q = Q k ,j for some ( k,j ), 


IQ! 2- " J 

0 otherwise. 


Let us prove that {A q}q£V is (^, or)-Carlseon sequence. 

For R £ T> given, we obtain using Lemma 13.31 that 

'MQ)J q \f 2 W 2 ' 


Y x q 

QeV,QCR 


E 

QeV,QCR 

E 

Q£V,QCR 


IQI 2 -" 

J Q XR\f2\cr2\ 


co(E(Q)) 


IQI 2 -" 

/ (Md, a (XRVl,XR\f 2 \(T 2 )) q u(x)d: 
Jr 

< Ms. 

r ,q 


J uj(E(Q)) 


< 


That is {Aq}q g x> is (^, or)-Carlseon sequence with constant A Car i < [a,uj] q s _. H/ 2 ||p 2 ,o- 2 - Thus 
using the equivalent definitions in Theorem 12.21 we obtain 


p,q 


{M d)a {f 1 a 1 J 2 a 2 ){x)) g u(x)dx < [a, ui] q Sp ^ ||/i||® 1)<Tl H/hll^ • 


The proof is complete. 


□ 


4. Two-WEIGHT NORM ESTIMATES 
For the proof of Theorem 11.91 we also only have to prove the following. 

THEOREM 4.1. Let 1 < pi,--- ,Pm,Q < 00 , and a = (cri, - - - ,a m ), u be weights. Put A = 
— + ■■■ + — and ug = rf!-i af p J v ‘ l . Assume also that p < q. Then 

V 1 Pm A —1 i 

\\Ma{#f)\\w < C(n,p,q ) ([u,w]b p J /P IW/j| Pji ,_ 

1/p m 

< C(n,p,q ) P niW/.|^ 

i=l 

1 /p m 

< C{n,p,q) ([a,u)] Bpq ^ JJ H/<llw.Ti> 

i=l 


( 34 ) 
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(35) 


\\Ma(pf)\\q,u < C(n,p,q ) [a,ui\ A 


P,q 


1/p 


< C(n,p,q) ([ a,u]Ap J ^ ) II WMw 


m 


m 


n^z ) n \\M d i fi\\pi,oi 

Vi=l / i= 1 

m 


\i= 1 


i= 1 


(36) 


||^l Q (o ; /)|| q , a ; < C(n,p, q) (^\a,uj]A Pq [a]w^ ^ ||MJ/|| p ^ 

1/p 171 

< C(n,p,q ) ([oVU^JoV?’) P niW7i 

2=1 
1/p 771 

< C(n,p,q) (\B,u\A Piq [^\w^) ^II 




^llPi,^’ 


2=1 


Note that the second and the third inequalities in (134[) . (1351) and (|36l) follow from Holder’s 
inequality and (1221) respectively. 

Proof. The proof of Theorem 14.11 follows essentially as in the case a = 0 and p = q in [2* 6]. 
Hence we will only prove (|35l) . 

We keep the notations of the proof of Proposition 13.11 Let us put q% = > 1 and observe 

that l = ir + --- + i- 

Proof: (1351) . . We use for simplicity, the notation Qk.,j = Q and obtain that 

“(Q) 


( 110 -* n 

T^[ i^il—S- / 
i=! \Q\ nm J Q 


( n i/’ni ) U(m,MiQ)r 

k,j \»=1 1^1 nm 


E 

k,j 




2=1 

/ \ q/p m 


2=1 


< \ 3 my . En^w^^.d/ii.Q))' 

P,q A 

k,j 2=1 




< ( ^2°i{Q) qi/pi (rn ai {\filQ)) qi 


\ 3 Ma P p 

P,Q 


1 q/p 

\a p 

P,Q 


2=1 \ k,j 

m { 

II ( ( m <Ti(\fi\,Q)) 

i=l \ k,j 


q/pi 


Pi 


q/pi 


n e a «(™»<(i/<i,<3)) m 


i =1 \QeT> 


with 


\ l — 
A Q — 


_/CTj(Q) if Q = Qk,j for some (k,j), 

0 otherwise. 
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By Lemma 12.31 we can conclude that 


L : = 


< 


/ (M d , a (af)(x)Y u(x)dx 
J R" v 7 

/ / m \ m 

C(n,p, q) (\a,u} Ap y * II W M df' 


q 

ui Pi,<?i 


\i=l 


i= 1 


provided that for each i = l,--- , m,{Ag}Q g x> is a cq-Carleson sequence with the appropriate 
constant. That is for any R 


(37) 


a i(Q) ~ WilA^iR). 

QCR,Q£D 


The inequality (13711 can be found in [14 . Let us prove it here for completeness. 
We first check the following. 


(38) 


\Qk,j\ <l\E(Qk,j)\, 7 = 


1 


1 - 


i /("*-£)' 


Recall that E(Qj i j) = Qk.j fl and observe that 

\Qk,j n (U^ 1 Qfc + ij) | = ^ \Qk+i,l\ 

Qk + \,l^Qk,j 


< 


< 


< 


iQfc+i.ii 

- m 

,fc+r e n 


l/ik* 


Qk+i,icQ k ,j i =i 


. m 

jsrll E 


l/iki 


*=1 Qk+l,l<^Qk,j < ^ k + 1 ’ 1 


^ 3+r n / i^* 


Ai —|— 1 ___ , 

j_l J Qk,j 


< 


< 


k+ 1' 




nm—OL \ 1/( m— 77) 


\Q 


k,j\ 


Thus 


I Qk,j 


E E(Qkj) + \Qk,j LI (U^E^<5fe+i,i) I 

/ 2 nm—a \ V ( m— (7) 

E |-£'(<3fcj)l + ( --- ) | Qk,j 
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which proves (|38IL It follows that 

a (Q) 

QCR,Qev 


S 7 £ 

QCR,QeV |V| 

= 7 y' f 

QCR,Qev' e (Q) 1^1 

< 7 XI / M d(°iXR) 

QCR,QeV JE (Q') 

= 7 / M d {<jiXR) 

Jr 

< iWiU^ViiR)- 


The proof is complete. 


□ 

□ 
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